Leading twist light cone distribution amplitudes (LCDAs) are key ingredients in calculating various hadronic amplitudes using light cone QCD sum rules. This work concentrates on calculating the leading twist LCDAs of P-wave heavy quarkonia. Quark model wavefunctions for the ground, first and second excited states of P-wave charmonia and bottomonia have been calculated, and are used for calculating the relevant LCDAs and leptonic decay constants.
Introduction
Understanding hadron structure and spectrum has been one of the major issues in high energy physics for over half a century. Various models have been studied for this purpose up to now, either treating hadrons as fundamental (structureless) particles, or composite systems. Today, it is mostly believed that quantum chromodynamics (QCD) is the correct model of the fundamental constituents of hadrons [1, 2] . However, it appears to be dramatically difficult to explain hadron structure and spectrum relying solely on QCD, and phenomenological models (such as non-relativistic or relativized quark models) are still relevant for studies in hadronic physics (e.g. see [3] ), although the connection between such models and QCD has not been rigorously established up to now.
The main difficulty in understanding hadron structure is in revealing the source of the confinement phenomenon on theoretical grounds. However, the phenomenon is continuously being demonstrated experimentally (no free quarks or glouns have been detected up to now) and has to be taken into account for understanding properties of hadrons. This issue motivates the use of potential models, which also involve a "confinement potential" [4] . In the seminal paper [4] , a "relativized" quark model motivated by QCD is constructed and the spectrum and various transitions of mesons are calculated.
Due to its non-perturbative nature, non-perturbative methods are necessary to study the hadronic spectrum. One of these methods for analyzing the spectrum and interactions of hadrons is provided by QCD sum rules [5] or its improved light cone QCD sum rules [2, 3, 6] . However, this method provides reliable information concerning only states that are not radially excited, while there are many known radially excited states in the hadron spectrum.
There had been some efforts to study the radially excited states in the literature (see e.g. [7] and [8] ). Other than potential models, the most promising method for studying excited states (as well as all other properties of the hadron spectrum) is lattice QCD, which also has an extensive literature [3] .
All methods concentrate on calculating physically observable quantities related to hadrons and hadron interactions, though may be regarding part of those as inputs (e. g. a number of hadron masses) for the calculations. Hadron interactions constitute part of the observables involving hadrons. In light cone QCD sum rules, these interactions are expressed in terms of light-cone distribution amplitudes (LCDAs) [2, [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] . Hence, it is of crucial importance to be able to calculate these LCDAs for the hadrons. One proposed way to obtain the leading twist LCDAs is to use the non-relativistic quark model wave functions obtained through some potential quark models [20, 22, 23] . One advantage of this approach is that it also allows one to obtain the LCDAs of the radially excited states [20] .
As more and more heavier quarkonia are being discovered in experiments, the question of radial excitation attracts attention. Especially excitations above open flavor thresholds present a puzzle for the potential quark model calculations. There are indications that some of these quarkonia, close to or above thresholds, contain both a molecular component, and a quarkonium component [3, 24, 25] . Although these quarkonium components themselves are not directly observable in nature, to study these mixed quarkonium-molecular systems, it is necessary to know the couplings of the quarkonium component to the molecular component [24, 25] . LCDAs obtained through wave functions calculated using potential quark models can be a window to study such systems.
In light cone QCD sum rules, to study the coupling of the hadron H to those which can be created by the currents j and j , a correlation correlation function of the following form
is analyzed [2, 9, 10, [14] [15] [16] . In Eq. (1), the hadron H(p) is on-shell. Such correlation functions reduce to expressions involving LCDAs once an expansion around x 2 = 0 is performed [2, 9, 10, [14] [15] [16] . Such an expansion allows one to perform a partial summation of the operators appearing in a usual x = 0 expansion in terms of their twist, which is defined as the difference between the dimension and spin of an operator [2] . Although sum rules approach can be used for calculating the LCDAs as well (e. g. [18] [19] [20] [21] [22] ), LCDAs corresponding to excited states cannot be calculated using this method. Relating the LCDAs to non-relativistic potential models, circumvents this difficulty.
The connection between wave functions (calculated by any means, not necessarily using a potential model) and LCDAs has already been studied (e. g. see [23] ). In [23] , ground state P-wave quarkonium wave functions obtained using a variational wave function have been used to obtain the LCDAs. In [20] , excited S-wave charmonia are studied. However, LCDAs corresponding to the excited P-wave quarkonium states are still to be discussed. In this work, relations between the quark model wave functions and leading twist LCDAs obtained in [23] are used. The quark model wavefunctions are obtained by explicitely solving the model presented in [4] .
This work is organized as follows. In section 2, definitions of light cone coordinates and main results obtained in [23] are summarized. In this section, the quark model of [4] is also presented shortly. Section 3 is devoted to the numerical analysis of our results, and describing model functions for the LCDAs. Finally, we conclude our work in section 4.
2 Leading Twist Light-cone distribution amplitudes for P-Wave quarkonia
The components of some 4-vector k in light cone coordinates are defined as [9] [10] [11] [12] [13] 23] :
For a system of particles having total momentum P , one can define the light-cone momentum fractions u i as:
where k i are the momenta of the constituents. The LCDAs, as functions of these light-cone momentum fractions, are obtained by integrating over the transverse momenta. Defined in such a way, they are frame-independent quantities [9] [10] [11] [12] [13] 23] . For the wave functions, one considers the quark-gluon Fock states carrying the quantum numbers of the hadron, and calculates the LCWFs of each state contributing to the hadron state [9] [10] [11] [12] [13] 23] : 
where Φ(u) is the leading twist distribution amplitude of thesystem and V [Γ] represents the Lorentz structure related to the Dirac matrix structure Γ and possible other factors. Through the hadron states, wavefunctions enter the calculation and one can obtain corresponding LCDAs in terms of the relevant wavefunctions. In [23] , a detailed analysis is presented on how to relate the wave functions to the LCDAs. For completeness, main points in their derivation is presented below. Leading twist distribution amplitudes of P-wave heavy quarkonia are extracted from the following matrix elements:
where z is the spacetime seperation between the quark and the anti-quark, ξ = 1 − 2u, µ and µν are the polarization vector and tensor of the relevant mesons, P is the four-momentum, M and f are the mass and decay constant of the relevant mesons, andD is the gauge covariant derivative. The abbreviations S, A and T correspond to scalar, axial-vector and tensor, respectively. Using the C-parity, it can be shown that the distribution amplitudes should have definite symmetry properties under reflections through u = 1 2 . The P-wave scalar and tensor mesons have positive C-parities, and hence, their DAs are odd under the exchange of u ↔ū, whereū = 1 − u. The axial vector can be C-odd or C-even. For C-odd axial vector φ A is odd and φ A⊥ is even, and for C-even axial vector, φ A is even and φ A⊥ is odd.
Taking only the quark-antiquark component of the quarkonia, Leading twist distribution amplitudes are related to the quark model wave-function through [23] :
where m q is the mass of the quark, ϕ M (m q , u, κ ⊥ ) are the wave function of the state M, and
In Eqs. (11)- (17), spectral notation is used, such that the scalar meson S is the 3 P 0 state, the axial vector mesons are the 3 P 1 and 1 P 1 states, and the tensor meson is the 3 P 2 state. The leptonic decay constants can be obtained through the normalization condition for the distribution amplitudes:
where φ even(odd) is a distribution amplitude that is even(odd) with respect to u = 1 2 . The functions ϕ M used in Eqs. (11)- (17) can be related to the quark model wave functions as follows. Let
where
is the radial function calculated in terms of the standard Minkowski coordinates, the function ϕ p can be related to the function K(| k|) as
where | κ|(u, κ ⊥ ) is the relative momentum of the quark and anti-quark, A is the normalization constant that can be obtained using the normalization condition for the functions ϕ M :
Note that, for a given radial excitation quantum number, and ignoring any spin or angular momentum dependent potentials, all the states considered in this work have the same ϕ p . Under this assumption, the following relations between the leptonic decay constants and LCDAs are expected [23] :
Upto this point, relations between quark model wave functions and LCDAs are discussed. As a result, once the quark model wave function for a state is calculated, its leading twist distribution amplitudes can be obtained through Eqs. (11)- (17) . In this work, quark model wavefunctions calculated using the Godfrey-Isgur Hamiltonian have been used. The Hamiltonian presented in [4] can be written as: (25) where H 0 is the relativistic kinetic energy, H conf. ij is the confinement potential, H hyp. ij is the hyperfine potential and H so ij is the spin-orbit interaction. By construction, this Hamiltonian is written in the meson rest frame so that its eigenvalues correspond directly to meson masses. Eigenfunctions of the 3-dimensional simple harmonic oscillator are chosen as the basis in which this hamiltonian is to be diagonilized. In terms of this basis, the eigenstates can be written as:
where κ is the relative momentum of the quarks, L (RR + BB + GḠ) is the color part and χ S,Sz is the spin part of the wavefunction. To make a numerical diagonalization of the Hamiltonian possible, the Hamiltonian matrix is truncated by keeping only the first N = 16 states in the corresponding block specified by the conserved quantities of the system. h nm are determined by diagonalizing the N ×N Hamiltonian matrix. The parameter ν appearing in the chosen basis, parametrizes the frequency of the oscillator. Its value is determined as to minimize the ground state energy in the corresponding Hamiltonian block. Dressed c quark and b quark masses are taken to be m c = 1628 M eV, m b = 4977 M eV in our calculations. Other parameters related to the quark model calculations can be found in [4] .
Within the above mentioned framework, the spectrum and the wave functions are obtained. The obtained masses for the first three levels are presented in Table 1 . In Table 2 , we present the observed masses (if available) for the corresponding states. Comparing the two tables, it is observed that the model is quite successful in reproducing the observed masses (when available).
Numerical Analysis and Model LCDAs
Once the wave functions are obtained, the calculation of the LCDAs are straightforward. One issue that needs to be addressed is the contribution from the relativistic tails of the wave functions. Although the model of [4] Masses cc bb M (GeV ) \ n n = 1 n = 2 n = 3 n = 1 n = 2 n = 3 [33] .
is relativized by the use of relativistic kinetic energy expression, inclusion of retardation effects, and smearing, it is still questionable how reliable the model can describe relativistic tails. If the relativistic tail does not contribute to a result, than we can claim that our results are safe from any relativistic "contamination," whereas if the relativistic tail dominates, our results should be used with caution. To estimate the contributions of the relativistic tail, the κ ⊥ integrals appearing in Eqs. (11)- (17) are cut at a cutoff | κ ⊥ | ≤ Λ. The results are evaluated both at Λ = ∞ and at Λ = m q (q = c for the charmonia and q = b for the bottomonia). On practical grounds, it is also desirable to express the LCDAs in terms of a few parameters which can be easily tabulated and used. In [22] , the following expressions for the LCDAs have been motivated using sum rules techniques (for ξ-odd and ξ-even LCDAs respectively):
t 3 , and the parameters c and β are to be fitted to the LCDAs. In this work, we generalize this model to the excited states as well. The models for even LCDAs are chosen to be: and for odd LCDAs:
The results for the relevant leptonic decay constants are presented in Tables 3-5 . In the tables, both leptonic decay constans, and the leptonic decay constant multiplied by the coefficient, when not equal to one, in the relations presented in Eq. (23) are presented in order to facility their comparison.
It is observed that the relations in Eq. (23) are qualitatively satisfied. The largest deviation is observed in f3 P0 , which can be as large as, e.g. 50% for the n = 3 bottomonium case. The values given in [22] and [23] and the results of this work agree in the order of magnitude of the numbers. The fact that there is no precise agreement in the decay constants stems from using different model functions to calculate the decay constants and LCDAs. It is also generally observed that the deviations from relations in Eq. (23) are enhanced when n increases, but is suppressed when the finite cut-off is used. Both are expected from spin-orbit effects as in both cases, either the system is already non-relativistic, or the relativistic effects are omitted by imposing a cut-off. The leptonic constant for the charmonium change significantly when a finite cut-off is used, whereas the change is not so significant for the bottomonium sector. The dependence of the cutoff also increases as n increases in both sectors. However, spin weighted average f odd of charmonium also appears to be slightly affected with the use of the cut-off.
In [22] and [23] , leptonic decay constants of only the ground states are analyzed ignoring spin effects. For comparison, we present the spin averaged leptonic decay constant in Tables 6 and 7 . As can be seen from the tables, results obtained in this work for f odd are larger by about 30% from the results of [23] in both sectors. For Table 4 : Decay constants f1 P1⊥ , f3 P1 for relevant charmonia and bottomonia. Table 5 : Decay constants f3 P2 , f3 P 2⊥ for tensor charmonia and bottomonia. f even , the discrepancy is even larger, and results obtained in this work are almost twice as large as the results of [23] . In [22] , only the result for f even for charmonium is available. The result of [22] is in agreement with the result of this work. In Figs. (1) - (7), LCDAs are depicted for the various states. In each of the plots, both the LCDAs obtained using Eqs. (11)- (17) with Λ = ∞ and Λ = m q , and also the fits to the LCDAs for both of Λ values are shown. The parameters used for each fit are presented in Tables (8) -(35). As can be observed from the figures, the fits reliable reproduce the calculated LCDAs. Some general observations about the DAs are in order. Odd DAs have 2n + 1 extrema for u > 0 reflecting the nodal structure of the wave functions of the excited states. Even DAs have one (three) extrema when n = 1 (n = 2 or n = 3). Some of the extrema for even DAs for n = 2 and n = 3 are converted into reflection points due to a nearby, larger extrema. As n increases, some of the extrema move towards the ξ = ±1 region, which is the relativistic region. Similarly, the DAs for a given n are localized closer to ξ = 0 for bottomonium than for charmonium. This is again a reflection of the highly non-relativistic nature of the bottomonium system. As expected, another reflection of the non-relativistic nature of small n and bottomonium system is the dependence on the cut-off. In general bottomonium systems and small n systems are more non-relativistic compared to charmonium and large n systems.
Conclusions
In this work, the three lowest lying states of P-wave charmonia and bottomonia are considered. Their LCDAs and decay constants have been calculated.
It is observed the spin effects can be important in the determination of the leptonic decay constants. Also, leptonic decay constants and LCDAs receive larger contributions from relativistic effects for charmonium than for the bottomonium. The importance of the relativistic contributions becomes also larger as n (the radial excitation quantum number) increases.
Also, the DAs of the bottomonium are closer to the ξ = 0 region, than the charmonium DAs. Also, as n increased, in both of the sectors DAs shift towards larger values of |ξ|, which is another indication that these systems become more relativistic. Table 9 : 1 P 1⊥ charmonium fit parameters, Λ = m c cc bb
Figure 1: LCDAs: 3 P 0 . Upper limit of k ⊥ integration is indicated in parantheses. "or." refers to the original function and "fit" refers to the fitted function. The radial quantum number n is indicated in parantheses as superscript: φ (n) (u).
Figure 2: LCDA plots as in Fig. (1) , but for 3 P 1⊥ states. 
